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ABSTRACT. For any open orientable surface M and convex domain O C C 3 , there exists a Riemann surface 
N homeomorphic to M and a complete proper null curve F : N — » O. This result follows from a general 
existence theorem with many applications. Among them, the followings: 

• For any convex domain O in C 2 there exist a Riemann surface N homeomorphic to M and a complete 
proper holomorphic immersion F : N — » fi. Furthermore, if D C R 2 is a convex domain and O is the 
solid right cylinder {x 6 C 2 | Re(x) 6Dj, then F can be chosen so that Re(F) : N — » D is proper. 

• There exists a Riemann surface N homeomorphic to M and a complete bounded holomorphic null im- 
mersion F : N — > SL(2,C). 

• There exists a complete bounded CMC-1 immersion X : M — > H 3 . 

• For any convex domain flcR ! there exists a complete proper minimal immersion (Xy)y =12 ,3 : M — » CI 
with vanishing flux. Furthermore, if D C K 2 is a convex domain and CI = {(Xi - )/=i,y 6 R 3 | (^1,^2) £ 
D}, then X can be chosen so that (Xi, X2) : M — » D is proper. 

Any of the above surfaces can be chosen with hyperbolic conformal structure. 



1. Introduction 

Calabi [Ca] asked whether or not there exists complete minimal surfaces in a bounded domain, or 
more generally, with bounded projection into a straight line. The first answer to Calabi's question was 
given by Jorge and Xavier [JX], who exhibited complete non flat minimal discs in a slab of 1R 3 . Later, 
Yau [Yal, Ya2] revisited these conjectures and opened new lines for research. It was Nadirashvili [Nad] 
who developed a powerful technique for constructing complete bounded minimal surfaces in R 3 . His 
examples are minimal discs with never vanishing Gaussian curvature, providing counterexamples to 
classical Hadamard's conjecture for negatively curved surfaces as well. Nadirasvili's ideas have been 
a fountain of insight that has strongly influenced the global theory of minimal surfaces along the last 
decade. Lopez, Martin and Morales [LMM] added handles to Nadirashvili's surfaces, and some years 
later Alarcon, Ferrer, Martin and Morales [MM1, MM2, AFM] constructed proper complete minimal 
surfaces in smooth domains of R 3 , under some restrictions on the topology of the surfaces and the ge- 
ometry of the domains. Recently, Ferrer, Martin and Meeks [FMM] have given a complete solution to 
the proper Calabi- Yau problem for minimal surfaces of arbitrary topology in both convex and smooth 
bounded domains of 1R 3 , even with disjoint limit sets for distinct ends. 

The embedded Calabi- Yau problem for minimal surfaces has radically different nature. Colding and 
Minicozzi [CM] have proved that any complete embedded minimal surface in 1R 3 with finite topology 
is proper in 1R 3 , and Meeks, Perez and Ros [MPR] have extended this result to the family of minimal 
surfaces with finite genus and countably many ends. 

Calabi- Yau and Hadamard's conjectures are closely related and make sense for a wide range of sur- 
faces and ambient manifolds. This paper is devoted to the existence of complete proper null curves in 
convex domains of C 3 . Given an open Riemann surface N, a map F = (Fy)y_i 2,3 : N — ► C 3 is said to be 
a null curve in C 3 if F is a holomorphic immersion and £y_x(dFy) 2 = 0. The Riemannian metric on N 
induced by the Euclidean metric in C 3 is given by <is 2 := E 3 =1 |dfy| 2 . Throughout this paper we adopt 
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column notation for both vectors and matrices of linear transformations in C 3 , and make the convention 

C 3 3 (z lr z 2r z 3 ) T = (Re(z 1 ) / Im(z 1 ) / Re(2 2 ) / Im(22) / Re(z3) / Im(z 3 )) T e ]R 6 , 

where as usual (-) T means "transpose". 

Calabi-Yau problem for null curves in C 3 is interesting by itself, but also because it provides a key for 
solving other Calabi-Yau conjectures, namely, for null curves in SL(2, C), holomorphic immersed curves 
in C 2 , CMC-1 surfaces (or Bryant surfaces) in H 3 and, of course, minimal surfaces in M 3 . 

Jones [Jo] constructed a complete bounded holomorphic immersion of the unit disc D in C 2 , a com- 
plete bounded holomorphic embedding of D in C 3 , and a complete proper holomorphic immersion of 
D in the unit ball of C 4 . As a consequence, he produced complete bounded null curves in C" for any 
n > 4. On the other hand, Bourgain [Bo] showed that there are no complete bounded null curves in C 2 . 
However, the Calabi-Yau problem for null curves in C 3 has remained open for a long time. Recently, 
Martin, Umehara and Yamada [MUY1] have given examples of complete simply connected bounded 
null curves in C 3 . Their method consists of producing complete bounded null curves in SL(2, C) apply- 
ing Nadirashvili's technique to CMC-1 surfaces theory in H 3 , and then use a correspondence between 
null curves in SL(2, C) and C 3 (see (1.1)). 

Our Main Theorem below (see Theorem 3.2) represents a wide generalization of all these results, 
and as we will see later, has many interesting consequences. For a rigorous statement, the following 
notations are required. If p — {pi}\<i< n Q {1, ...,6} is a strictly increasing sequence, n > 1, and 
P* = {Pi}l<i<6-n is me (possibly void) complementary one in {1, . . .,6}, we set W = {(xy)/=l,..,6 £ 
R 6 | Xj = V; 6 p*} and label Tl p : M 6 — > W as the corresponding Euclidean orthogonal projection. 
The sequence p is said to be wide if n > 2 and p ^ {2j — 1, 2;}, ; = 1, 2, 3. Given Q C W, we call C p (Cl) 
as the cylinder {i e K 6 YI p (x) e CI}. Whenp* = then W = R 6 , Tl p = Id R6 and C p (Cl) = Cl, and we 
make the conventions W = {0} and Tl p * = 0. 

Main Theorem. Let p be a wide sequence in {1, . . . , 6}, and let Clbe a convex domain in W 
(possibly all W). 

Then for any open orientable surface M there exists a hyperbolic Riemann surface N home- 
omorphic to M and a complete null curve F : N —> C p (Cl) such that Tl p o F : N — > Q is 
proper. 

It is classically known that any open hyperbolic Riemann surface M carries neither proper holomor- 
phic functions / : M — > C nor proper harmonic functions h : M. — > M. Therefore, Main Theorem does 
not hold if p is not wide and Cl = W, and in this sense is sharp (see Remark 3.4). 

To prove this theorem, we have developed an original technique that differs substantially from those 
of Nadirashvili, Martin-Morales and Martin-Umehara- Yamada. Our arguments rely only on the ge- 
ometry of C 3 , and the involved approximation results for null curves are of extrinsic nature. Roughly 
speaking, the null curve F in the theorem is obtained by deforming recursively a sequence of compact 
null curves in C p (Cl). Unlike previous methods, during the deformation we have direct control over the 
immersion itself instead of over its derivatives (or Weierstrass data). Furthermore, completeness and 
properness can be achieved at the same time in the process and checked extrinsically as well. 

Different choices of sequence p and convex domain Cl C W generate a list of suggestive corollaries. 
The most straightforward is the following one: 

Corollary I [Calabi-Yau problem in C 3 ]. For any open orientable surface M and any convex 
domain Cl in C 3 , there exist a Riemann surface N homeomorphic to M and a proper complete 
null curve F : N —> Cl. 

In particular, this answers affirmatively the Problem 1 in [MUY1]: "Are there complete null curves properly 
immersed in the unit ball o/C 3 ?". A partial result in the line of Corollary I can also be found in [AFL]. 

Denote by [, J the Hermitian inner product in SL(2, C) given by |_^4, BJ = trace(A ■ B T ), A, B £ 
SL(2,C). A map Z : N — > SL(2,C) is said to be a null curve in SL(2,C) if Z is a holomorphic immer- 
sion and det(dZ) = 0. The Riemannian metric on N induced by |_/ J is given by ds\ = [dZ,dZ\. The 
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following correspondence is a biholomorphism preserving null curves (see [MUY1]): 

(1.1) T:C3-{z3 = 0}-{(« iy )eSL(2,C)|« 11 ^0}, T((z ; - ) y=1A3 ) = I ^ ^^2) 

The transformation T provides complete null curves in SL(2,C) when applied to complete bounded 
null curves in C 3 — { |z3 1 > 1}. Unfortunately, proper examples in SL(2,C) can not be constructed by 
this procedure. Taking into account Corollary I, we get that: 

Corollary II [Calabi-Yau problem in SL(2,C)]. For any open orientable surface M, there 
exists a Riemann surface N homeomorphic to M and a complete bounded null curve F : N — > 
SL(2,C). 

Let H 3 = {(xq,xi,X2,x^) e IR 4 | xq > 0} be the hyperboloid model of the 3- 

dimensional hyperbolic space. We call (, }o as the hyperbolic metric in HT 3 induced by the 4-dimensional 
Lorentz-Minkowski space L 4 of signature (—,+,+,+). Up to the canonical identification 

, . / x + x 3 x 1 + ix 2 \ 

(*0>Xl>X2,*>)={ Xl - ix2 x -X 3 )' 

H 3 = {A ■ A T | A 6 SL(2,C)}. With this language, Bryant's projection B : SL(2,C) -> H 3 , B(A) = 
A ■ A T , maps null curves in SL(2, C) into conformal immersions of mean curvature H = 1 in H 3 . Fur- 
thermore, if Z : N — > SL(2, C) is a null curve then the pull back (Z ■ Z T )* (, }o coincides with jds| (see 
[Br, UY] for a good setting). 

The family of complete CMC-1 surfaces in H 3 with finite topology is very vast, see [RUY, PP] for a 
good reference. For the arbitrary topology case, there is no general existence result available known to 
the authors. Regarding Calabi-Yau questions, only recently were simply connected complete bounded 
Bryant surfaces constructed [MUY1]. However, applying Bryant's projection B to the complete bounded 
null curves of Corollary II we infer that: 

Corollary III [Calabi-Yau problem in H 3 ]. For any open orientable surface M, there exists a 
complete bounded CMC-1 immersion X : M — > H 3 . 

Martin, Umehara and Yamada [MUY2] extended Jones' existence result [Jo] to complete bounded 
complex submanifolds with arbitrary finite genus and finitely many ends in C 2 . On the other hand, 
the existence of proper holomorphic immersions in C 2 with arbitrary topological type is well known 
[Bi, Nar, Re, AL]. From Main Theorem it follows considerably more: 

Corollary IV [Calabi-Yau problem in C 2 ]. For any open orientable surface M and any con- 
vex domain Ci in C 2 (possibly O = C 2 ), there exist a Riemann surface N homeomorphic to M 
and a complete proper holomorphic immersion F : N — > fl Furthermore, ifD C 1R 2 is a convex 
domain and O is the solid right cylinder {x £ C 2 | Re(x) 6 D}, then F can be chosen so that 
Re(F) : N —> D is proper. 

The real part of a null curve in C 3 is a minimal immersion in 1R 3 with vanishing flux, that is to say, such 
that the integral of the conormal vector to the immersion along any arc-length parameterized closed 
curve in the surface vanishes. As a consequence of Main Theorem, 

Corollary V [Calabi-Yau problem in 1R 3 ]. For any open orientable surface M the following 
assertions hold: 

(i) For any convex domain O C IR 3 , there exists a complete proper minimal immersion X : 
M — > fl with vanishing flux. 

(ii) For any convex domain D C K 2 , there exists a complete minimal immersion X = {Xj)j-\^ : 
M — > IR 3 with vanishing flux such that (X 1; X 2 )(M) C D and (Xj,X 2 ) : N — > D is 
proper. 

(iii) There exists a bounded complete flux vanishing minimal immersion X : M — > IR 3 such that 
all its associate immersions are bounded. 
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Although certainly Corollary V-(i) is strongly related with Ferrer-Martm-Meeks theorem [FMM], these 
results do not imply each other. Recently the authors [AL] have constructed minimal surfaces with ar- 
bitrary conformal structure properly projecting into 1R 2 , answering a question posed by Schoen and Yau 
(see [SY, AG] for a good setting). Corollary V-(ii) shows that the analogous result for convex domains 
of K 2 holds as well. 

Finally, we remark that all the open Riemann surfaces involved in the above corollaries are of hyper- 
bolic conformal type. 

2. Preliminaries 

As usual, we denote by || ■ || as the Euclidean norm in K", where K = R or C, and for any com- 
pact topological space X and continuous map / : X — > K" we call ||/|| = max{||/(p)|| | p e X} as the 
maximum norm of / on X. 

Given a « -dimensional topological manifold M, we denote dM as the (n — 1) -dimensional topological 
manifold determined by its boundary points. For any A C M, A° and A will denote the interior and the 
closure of A in M, respectively. Open connected subsets of M — 9(M) will be called domains, and those 
proper topological subspaces of M being w-dimensional manifolds with boundary are said to be regions. 
If M is a topological surface, M is said to be open if it is non-compact and dM = 0. 

An open Riemann surface is said to be hyperbolic if it carries non constant negative subharmonic 
functions. 

Remark 2.1. Throughout this paper J\f will denote a fixed but arbitrary open hyperbolic Riemann surface. 

A Jordan arc in J\f is said to be analytical if it is contained in an open analytical Jordan arc in N '. 

A subset A C Af is said to be incompressible if the inclusion map i& ■ A <—> J\f induces a group 
monomorphism (ia)* '■ H\{A,X) — > H\{J\f,Z). In this case we identify the groups H\(A,Z) and 
(i A )*(Hi{A,Z)) cHi(Af,Z) via (t^)* and consider Tii(A,Z) cHi(N,Z). 

Two incompressible subsets A\, Ai C N are said to be isotopic if TL\ (A\,Z) = H\ (A2, Z) . Two incom- 
pressible subsets A\, A 2 C J\f are said to be homeomorphically isotopic if there exists a homeomorphism 
<t : A\ —> A2 such that a* — Id^^ z j, where is the induced group morphism on homology. In this 
case <r is said to be an isotopical homeomorphism. Two incompressible domains with finite topology (or 
two compact regions) in Af are isotopic if and only if they are homeomorphically isotopic. 

Definition 2.2 (Admissible set). A compact subset S C J\f is said to be admissible if and only if: 

• Mg := S° is a finite collection ofpairwise disjoint compact regions in J\f with C° boundary, 

• C$ '■= S — Mg consists of a finite collection ofpairwise disjoint analytical Jordan arcs, 

• any component a. of C$ with an endpoint P 6 M$ admits an analytical extension j5 in J\f such that the 
unique component of ' f> — a with endpoint P lies in Mg, and 

• S is incompressible. 

If S C J\f is a compact subset satisfying the first three items in the above definition, then S is admissi- 
ble if and only if J\f — S has no bounded components in J\f (by definition, a connected component V of 
J\f — S is said to be bounded if V is compact). 

Let W be an incompressible domain of finite topology in J\f , and let A be either a compact region or 
an admissible subset in N '. W is said to be a tubular neighborhood of A if A C W and A is isotopic to W. 
In other words, if A C W and W — A consists of a finite collection of pairwise disjoint open annuli. 

For any subset A C J\f, we denote by J-q(A) as the space of continuous functions / : A — > C which 
are holomorphic on an open neighborhood of A. Likewise, Fq(A) will denote the space of continuous 
functions / : A — > C being holomorphic on A°. Call C1q(A) as the space of holomorphic 1-forms on 
an open neighborhood of A, and label Og(A) as the space of complex 1-forms 6 of type (1,0) that are 
continuous on A and holomorphic on A°. As usual, a 1-form 6 on A is said to be of type (1, 0) if for any 
conformal chart (U,z) in J\f , 9\uc\A = h(z)dz for some function li:UnS^C. 
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Let S be an admissible subset of J\f. 

A function / e JT* (S) is said to be smooth if f\ Mg admits a smooth extension f to a domain W con- 
taining M$, and for any component a. of Cg and any open analytical Jordan arc f> in M containing a, / 
admits a smooth extension fp to /5 satisfying that fp | W n£ = /o | wnp- Likewise, a 1-form 8 £ fig (S) is said 
to be smooth if, for any closed conformal disk (ii, z) on J\f such that S n U is admissible, 0/ dz is smooth 
in the previous sense. Given a smooth function / £ JFg (S), we set df £ fio(^) as me smoom 1-form 
given by df\ Ms = d(f\ Ms ) and d/| a nu — (/° a )'(x)^ z Un!i/ where (ii,z = x + iy) is a conformal chart 
on A/" such that a n Lf = z _1 (]Rnz(ii)). A smooth 1-form 9 £ fig(S) is said tobeexacHf = d/ for some 
smooth / 6 (S), or equivalently if / = for all 7 £ H\(S,Z). 

Let W C A" be a domain containing S. We shall say that a function / £ (S) can be uniformly ap- 
proximated on S by functions in JT (W) if there exists {/«} n eN C ^o(^) such that {||/„ — /||} n eN - * 
uniformly on S. Likewise, a 1-form 6 £ fig (S) can be uniformly approximated on S by 1-forms in fi ( W) 
if there exists {0 n } neK C fio(W) such that {||^^||}«eN - * uniformly on S n U, for any conformal 
closed disc (U, dz) on W. Finally, we say that a function / £ JFg (S) can be uniformly C 1 -approximated 
on S by functions in Fo(W) if there exists {fnjneK C •Ttj(W) such that {||/„ — /j|}„ 6]N — > and 
{\\df n — d/||}neN — > uniformly on S. In a similar way we define the uniform approximation (and 
C 1 -approximation) on S of maps in JF* (S) 3 = { (/;);'=i,2,3 : S — > C 3 | /y £ JT* (S), / = 1, 2, 3} by functions 
in^ (W) 3 = {(/ ; ) ;= i /2/3 : W -> C 3 I /■ £ ^b(W), ; = 1,2,3}. 

2.1. Null Curves in C 3 . Given A C C 3 , we set span R (A) = {E"=i r / 17 ; I r ; 6 £ A, « £ N} and 

span c (A) = span R (A) + /(span R (A)), where / : C 3 — > C 3 , J(u) = iu, is the usual complex structure. If 
V C C 3 is a reai subspace, the complex subspace Vq := V n /( V) is said to be the complex kernel of V. 

Label « , »: C 3 x C 3 — > C, <C u,v~^>= u T ■ v, as the usual Hermitian inner product in C 3 . Given 
A c C 3 we denote by <A» X = £ C 3 | <w,i>»= 0V« £ A}. We also write (, ) = Re(<,>) as the 
Euclidean scalar product of C 3 = R 6 , and call (A) 1 - = {v £ C 3 | (u, v) = OVu £ A}, A C C 3 . 

Finally, we set -<,>-: C 3 x C 3 — > C as the complex symmetric bilinear 1-form given by -<m, z>^ = m t ■ 
i>, and -<uy L = e C 3 I -<u,i7>- = 0}. Notice that -<m>- ± =<m> ± c for all u £ C 3 (the equality 
holds iff u = := (0,0,0) T ). A vector u £ C 3 - {0} is said to be null if -<u, uy = 0. We label = {u £ 
C 3 -{0}|«isnull}. 

Remark 2.3. = {(2 Z (1 — wl ), 2 Z (1 + w 2 ),zw) \ w, z £ C, z 7^ 0}. As a consequence, is a complex 
conical submanifold of C 3 not contained in a finite union of real (or complex) hyperplanes ofC 3 . 

A basis {m 1 ,m 2 ,m 3 } of C 3 is said to be -< , y-conjugate if -<Uj,u k y = bp j,k £ {1,2,3}. Likewise we 
define the notion of -< , ^-conjugate basis of a complex subspace U, provided that -< , y \uxu is a non 
degenerate complex bilinear form. 

A real or complex hyperplane V C C 3 is said to be -< , ^-degenerate if -< , y |v cX v c is a degenerate 
complex bilinear 1-form, that is to say, if V c —^uy 1 - for some null vector u. For instance, if H — {v)- 1 , 
v / 0, then H c =~<vy 1 - and H is -< , >~ degenerate if and only if 1/ is null. If v is not null, there exists a 
-< , > — conjugate basis {xi\, Ui, 1/3} of C 3 so that M3 = v and span c {{u\, M2}) — ^c- 

We denote 0(3,C) as the complex orthogonal group {A £ A^C) | A T • A = J3}, i.e., the group 
of matrices whose column vectors determine a -< , y- conjugate basis of C 3 . As usual, we also call 
A : C 3 — > C 3 as the complex linear transformation induced by A £ 0(3,C). 

It is clear that A(0) = for all A £ C(3,C). Since A((i/) ± ) = (A ■ v) x for any A £ 0(3, C) and 
1/ £ C 3 — {0}, the -< , >-- degeneracy of real (or complex) hyperplanes is preserved by complex orthogo- 
nal transformations. 

Definition 2.4. A domain fi C C 3 with non empty 3fi is said to be -< , >-- regular if it is regular (i.e., with 
smooth dCl) and the real tangent space T p 3fi is noi -< , y -degenerate for almost every p £ 9fi. 

The -< , y- regularity of domains is preserved by complex orthogonal transformations. 
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Let M be an open Riemann surface. Using the above language, a holomorphic map F : M — > C 3 is 
a null curve iff ^<E>,<E>^= and <C$, never vanishes on M, where <& = dF. Conversely, given an 
exact holomorphic vectorial 1-form O on M satisfying that <£>y — and <C<1>, <1>3> never vanishes on 

M, the map F : M — > C 3 , F(P) = J P O, defines a null curve in C 3 . In this case we call O as the Weierstrass 
representation of F. 

If F : M — > C 3 is a null curve, the pull back metric dsp := F* C , > on M coincides with 
(<E>,<E>) =<<&,<&» . Given two subsets V 1/ V 2 C M, we denote by dist( M j){V\, V 2 ) the intrinsic dis- 
tance between V\ and V 2 with respect to the metric ds^. 

Remark 2.5. Let F : M -> C 3 be a null curve and A = (a jk )j /k=1/2/3 e 0(3, C). Then A o F : M -> C 3 is a/so 
a null curve and dsp > j^ds 2 A , F , where \\A\\ = ( E;,jt l fl /jc| 2 ) 1/ ' 2 - 

The following definitions deal with the notion for null curve on admissible subsets. 

Definition 2.6. Giuen a proper subset M C A/", we denote by N(M) f/ze space of maps X : M — > C 3 extending 
as a null curve to an open neighborhood of M in M. 

Definition 2.7. Let S £ N be an admissible subset. A smooth map F : S —> C 3 is said to be a generalized null 
curve in C 3 if it satisfies the following properties: 

• F| Ms £ N(M S ), 

• ~<dF,dFy= on S, 

• <CdF, dFs> newer vanishes on S. 

The following Lemma will be required to approximate generalized null curves by null curves defined 
on larger domains. 

Lemma 2.8. Lef W C Af be an incompressible domain of finite topology, and let S be a connected admissible 
compact set contained in W and isotopic to W. Let F — (Fj)j=i i2 ,3 : S — > C 3 be a generalized null curve. 

Then F can be uniformly C 1 -approximated on Shy a sequence {H n = (H,- / „),- = i / 2 / 3} n eN * w N ( W). In addition, 
we can choose H 3/ „ = F^for all n £ N provided that F 3 6 ^o(^) ^3 never vanishes on C$. 

Proof. Use the Approximation Lemma in [AL] for <E> = dF to get a sequence of exact vectorial 1 -forms 
{^njneiN C n (W) 3 converging to dF uniformly on S. Since S is isotopic to W, H n := F(F ) + f p is 
well defined on W for all neN, where Po is any point in Mg. {H„} ne ]N solves the lemma. □ 

2.2. Convex Domains. Throught this section, 2? will denote a regular convex domain of W, 2? / M", 
« > 2. 

Recall that 2? n (p + T p 32?) — for all p e 3D, where T p 32? denotes the tangent space of 32? at p. 
Therefore 2? = n pe dijHp, where Hp is the closed half space bounded by p + T p 32? and containing 2?, 
p : 32?. 

Let Vj) : 32? — > S" _1 be the outward pointing unit normal of 32?. Given p £ 32? and v £ T p 32? n S" _1 , 
we denote by ftp (p, p) the normal curvature at p in the direction of v with respect to — v v , obviously non 
negative. In particular, the principal curvatures of 32? at p with respect to — v v are non negative. We let 
K(p) > denote the maximum of these principal curvatures at p € 32?, and write 

k(2?) := sup{x:(p) I p £ 32?} £ [0,+oo]. 

If p £ 32?, v £ S" _1 n r p 32? and Kz>(p,v) > 0, basic convex geometry gives that lim^oo dist(p + 
Aw, 2?) — +00, where as usual dist(, ) means Euclidean distance. The domain 2? is said to be strictly 
convex if K V (p,v) > for all p £ 32? and v £ S" _1 n T p 32?. 

For any t £ ( — ^Ly, +00) let 2? f denote the convex domain in M" bounded by 32? t = {p + t ■ 
v v(p) I V e 32?} and such that 2? C 2? t if t > 0, and 2? t C 2? if t < 0. We have made the conventions 
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~~ kTD] = ~°° anc ^ ~~ kFd] = ® P rov ided that k{V) — and k(T>) = +oo, respectively. We label ~D-\/ K [v) 
as the closed subset n f> _ 1 / K (£>)'Df. Note that dV t is a regular (convex) hypersurface Vf £ (— j^jy/ + 00 )- 

Set TTp : R" — "D-\/ K (p) dV as the normal projection given by n-p{p + tv-p(p)) = p, and keep 
denoting by iAp the extended normal map v v o n v -.W 1 — T>_ 1/k ^ — > S n_1 . 

A vector v £ R" — {0} is said to be a escaping vector in D if £> contains no half lines parallel to v, or 
equivalently, if lim^^co dist(p + Av, V) = +00 for all p £ R". In this case liminfjRgA^eo p[jdist(p + 

Av,T>) > for all p E R". The set £p of escaping vectors in V is empty if and only if T> contains a 
half space, and otherwise it is the complement in R" of a double cone with vertex and base a compact 
convex subset of S" _1 . If p E dV and v E T p 8£> — £ v then 9£> n T p dV contains a half line parallel to 
v and with initial point p, whereas v E £ x> fl T p dV implies that dV n {p + Av | A £ R} is a compact 
segment containing p. If £> is strictly convex then T p dV — {0} C £x>, dV n (p + TpdV) = {p} and 
limy 3X) 3z7 - >0 odist(p + v,V) = +00 for all p £ 3D. 



Assume that k(T>) < +00 and take r £ (0, 1/k(£>)) and p £ T> — D_ r . Consider <5 £ (0,r) and a 
neighborhood U p of p so that U p C X> — V_ r+S and diam(!i p ) < J. Then it is straightforward to check 
that 



(2.1) V- r n {q x + T^ ((?2) 3D) = for all ^ ^ £ U p . 

Remark 2.9. Let V and V be two regular convex domains in R" with k{T>) < +00 and T> c\ T>. Con- 
sider p E dV, and take r E [0,1/k(X>)) and q E dT>- r with Tz v (q) = p. Basic trigonometry gives that 



dist(cj, (q + TqdT>- r ) n dt>) > d} + 2^-^, where d r = dist(D- r ,dt>). Since T q dV- r = T p dV, d r > 
d + r and K(V- r ) = l 1^ v y we infer that 



dist(q, (q + T p dV) n dt>) > Wdg + 2 



rf 



■ K (2?)' 

Given two compact subsets C,DcK", the Hausdorff distance between C and D is defined by 

S H (C, D) — max < sup inf \\x — y\\ , sup inf \\x — y|| > . 

A sequence {K„}„ G ]n of (possibly unbounded) closed subsets of R" is said to be convergent in the Haus- 
dorff topology to a closed subset Ko of R" if {K n n B}„ 6 ]n — > i^o H B in the Hausdorff distance for any 
closed ball B C R". If K ; - C KJ +1 C K V/ £ N and {K ; -} ; - 6N — > K in the Hausdorff topology we simply 
write {Kj}j eN /" Ko- Likewise we put {Ky}j e N \ ^0 provided that Kq C Ky+i C KJ V/ £ N and 
{^jjgN - * ^0 m the Hausdorff topology. 

The following theorem follows from classical Minkowski's Theorem [Mi] (see also [MY]): 
Theorem 2.10. Let Cbe a (possibly neither bounded nor regular) convex domain o/R". 

Then there exists a sequence {C k }keN of bounded strictly convex analytic domains in R" with {Q}fc G ]N f C. 

If in addition C is bounded, then there exists a sequence {D k } keN of bounded strictly convex analytic domains 
in R" with {1\} keN \ C. 

Recall that a convex domain V is said to be analytic if dV is an analytical hypersurface of R". 

Definition 2.11. Let Cbe a (possibly neither bounded nor regular) convex domain in R n . A sequence {C k } ke ^ 
of convex domains in R" is said to be proper in C if Q is bounded regular strictly convex for all k, {Q}jteN /* 

C in the Hausdorff topology and EfteiN y // dlst ^^ i: + 1 ^ = +00. 

Lemma 2.12. Any convex domain in R" admits a proper sequence of convex domains. 
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Proof. Let C be a convex domain in M". By Theorem 2.10, there exists a sequence {CyjygN of bounded 
strictly convex analytic domains in R" with {CyjygN /* C. For the sake of simplicity write dj = 
dist(Cy,3Cy + i) and Ky = fc(Cy) for all;. 

Recall that 4j ^ aeN 4j = 1, and for each; e N fix my e N large enough so that ^^L^Li \ > 1 - 

Call d fl/ y = dj-^z YX=\ W' set = ^i^ d aj' fl = 1/ ■ • • / wiy, and make the convention Co,y = Cy. It is clear 
thatd fl/ y < dy, C fl/ y is analytical and strictly convex, C fl/ y C Q+^y C Q+ij C Cy_|_i,anddist(C ( , / y,3C fl+ i / y) = 
n 2 (a+l) 2 ^ or 311 fl = 0, • • • , my — 1- Furthermore, since fc(C fl/ y) = — < Ky for all a = 0, . . . , my — 1, 

"r 1 / dist(c fl/; ,ac g+v )\ ye /5?I>! 

«=o V " 71 V K i h a " ' 

Let {DfcjjtgjN denote the enumeration of Uj e ^j{C a j \ a = 0, . . . , my} so that Dj. C D^+j for all A:. Since 



{Dj-}j- 6N is proper in C and we are done. □ 

2.2.1. Convex domains in C 3 . Given a regular convex domain V C C 3 and a point p 6 C 3 — ^_i/ k (d), 
we call ©d(p) as the space <Cvx>(p)»- L n© C T Kv (p) 

Definition 2.13. A regular convex domain V C C 3 = M 6 zs saz'ci to be null strictly convex if Ed n 0p(p) 7^ 
0/or flZ/ p 6 3X>. 

This occurs, for instance, if for any p e dV there is v £ ©r> (p) n S 5 such that zcx>(p, o) > 0. 

Claim 2.14. If A £ C(3,C),p £ dVandv £ © v (p) t~) £ v then A(v) £ @ A ^(A(p)) <1 £ A( ^ v y In particular, 
the null strictly convexity is preserved by complex orthogonal transformations. 

Proof. Itis clear that A (p) £ dA(D) and || A(v v (p)) \\v A(v) (p) = ±A(v v {p)). Therefore, <t / A(o)( j4 (p))> ±= 
A{<€.v v {p) > x ) and A(v) £ © A[v) {A{p)). Since dist(p,(?) < ((A" 1 ||dist(A(p), A((j)), then A(v) £ 
Smv) as weu an d we are done. □ 

It is interesting to notice that a strictly increasing sequence p — {pi}\<i< n Q {1, . . . , 6} is wide if and 
only if dim c (span c (W ) ) > 2 (see Section 1 for notations). 

Proposition 2.15. Let pbe a wide sequence in {!,..., 6}, and let O C W be a regular strictly convex domain 
with k(Q) < +00. Then C p (d) is -< , ^-regular, null strictly convex and k(C p (C1)) < +00. 

Proof. Label n as the length of p. Take p £ dC p (Cl), and observe that Tl p (v c (n)(p)) = v sn(^-p(p)) aR d 
IV (%(n) (p)) = 0. Call S*" 1 = S 5 n W and p = n s^- 1 . 

Let us observe that & p is an analytical submanifold of S^ -1 of dimension < n — 1, and so has mea- 
sure zero in S^ _1 . Indeed, reason by contradiction and suppose that 0^ — S^ -1 , that is to say, W C 0. 
Then span c (]Rf) c as well, and so contains a complex hyperplane of C 3 (recall that p is wide), 
a contradiction. The strictly convexity of implies that v n : dQ, — > S" -1 = S^ -1 is an injective local 
diffeomorphism, hence Vc p (Ci) (p) * s not nu ^ f° r a l m ost every p £ C p {Ci), proving the -< , ^-regularity. 

For the null strictly convexity, let us show first that FL p (®c p (Ci)(p)) 7^ {0} f° r an P e dC p (Cl). If 
%(0)(P) is nul1 then %(n)(p) e ®C p (n)(p) and n p(%(n)(p)) = voWp)) ^ 0. Assume now that 
v C p (ci){p) i s not nuu / an d reasoning by contradiction suppose that ©c p {Ci){p) c ^ p ■ Since ©c p (n)(p) 
contains two C-linearly independent null vectors then dim c ((]R' ) *) c ) > 2, contradicting that p is wide. 
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To finish, take any v E ©c p (n)(p) such that Hp(v) ^ 0. By the strictly convexity of O we have that 
TLp(v) E £n, and so v E £c p (ci)- Since k(C p (CI)) = jc(fi) < +oo, we are done. □ 

Remark 2.16. If p — {2j — l,2j} for some j E {1,2,3} and fi C MP is a regular convex domain, then C p (Cl) 
is not null strictly convex. Moreover, both open slabs and half spaces in C 3 = M 6 are not null strictly convex as 
well. 

3. The Main Theorem 

The following Lemma, which will be proved later in Section 4, is the kernel of the proof of our main 
Theorem. 

Lemma 3.1. Let V be a -< , ^-regular and null strictly convex domain in C 3 with k{D) < +oo, and consider 
r E (0, 1/k(T>)). Let M be an incompressible compact region in N, Pq E M° and F E N(M) satisfying that: 

(3.1) F(d(M)) C V-V~ r . 

Then, for any regular convex domain T> and e > such that D C D- e CD C D-y/ e , there exist an incompress- 
ible compact region M C Af and F E N(M) satisfying that: 

(i) M C M° and M is isotopic to M. 

(ii) \\F -F\\ < eon M, 

(iii) F(dM) CD- D~T £ ,_ 

(iv) F(M-M°) c\V-V- r , 

(v) dist(fapj(Po,dM) > (tef( MF )(P ,3(M)) + y^y, where d = dist(dV ,dV) . 

We are now ready to state and prove our main theorem. 

Theorem 3.2. Let p C {1, . . . , 6} be a wide sequence, and let Clbea (possibly neither bounded nor regular) con- 
vex domain in W. Let M C J\f be an incompressible compact region in N ' , and consider a null curve X E N (M) 
satisfying that 

(3.2) n p (X(3(M)))cA-A^, 

where A is a bounded regular strictly convex domain in W so that Acfl and r E (0, 1 /k(A)). 

Then, for any £ > there exist an open domain N C N and a null curve Y : N — > C 3 satisfying that 

(a) M C N, N is incompressible and N is isotopic to J\f , 

(b) ||Y-X|| <£onM, 

(c) Y is complete, 

(d) Tip o Y : N -> Q is proper and YI p (Y(N - M°)) Cfl - ~ r . 

Proof. Consider an exhaustion {Mj}j e ^ of J\f by incompressible compact regions so that Mj is a tubular 
neighborhood of M, and My_i C M° and the Euler characteristic x{Mj - M?_ 1 ) £ { -1, 0} for all ;' > 2. 

Let {OylygjN be a proper sequence in O of convex domains (see Lemma 2.12), and label dj — dist(G ; , H, +1 ) 
and Kj = K(Qj). Without loss of generality, we can suppose that A C fl\. Call D,q = A and T>i = C p {Clj) 
for all ;' > 0. Notice that Dl is -< , >~ regular, null strictly convex and k(T>!) < +oo, j > (see Proposition 
2.15). 

Without loss of generality, we will assume that £ is small enough so that £o := r — £ > and 
TIp(X(3(M))) C A — A_ eo . Consider a decreasing sequence {e/}y e N such that ej E (0, £,/2> +1 ) for all;', 
©0 c (I? 1 )^^ c C (P°)i /ei/ and 2>M c (2?0-cy C ©7 C {D^) l/e ., j > 2. Fix Q £ M° and label 
N = M, c>o = Id No and X = X. 

Claim 3.3. There exists a sequence {(Nj,o~j, Xy)}y e]N , where Nj C J\f is an incompressible compact region iso- 
topic to M:, a; : Nj — > Mj is an isotopic homeomorphism and X,- E N(N,)/or aZZ ;', satisfying that: 
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(I,) N ; -_i C N° and aj\ Njl = <r hl V; e N, 
(Ily) || X ; - - X hl \\ < ej on Ny_i, V; e N, 

(Hi/) Xj(d(Nj)) c vi - {vi)- e .,Vj en, 

(IV y) Xy(Ny - N?_A c 2?^' - (X*/- 1 )-^, V; e N, and 
(Vy) dist^iQoJiNj)) > ^ (Ni/Xi) (Q 0/ 3(N 1 )) ^ 2 ' 

Proof. The sequence will be constructed recursively. Choose (Nj,Xi) as the couple (M, F) arising from 
Lemma 3.1 for the data (V,r,M,F,V,e,P ) = (V° / e 0/ N ,X 0/ V 1 / e 1/ Q ). Note that N C N x ° and 
that Ni, Mi and No are homeomorphic. Choosing o~\ : Ni — > Mi any homeomorphism satisfying 
c^lIno = Id]v , all the above items hold for j — 1 (item (Vi) makes no sense). 

Assume that we have already constructed Xi, . . . , Xy_i satisfying the required properties, and let us 
construct Xy. Let us distinguish two cases: 

• /t(My — M°_ 1 ) — 0. As before, we take (Ny, Xy) as the couple (M, F) arising from Lemma 3.1 for the 

data (V,r,M,F,T>,e,P ) = (X , ^~ 1 ,e , y_i,Ny_i,Xy_i,I>^ey, Q ). As Ny, Ny_j and My are homeomorphic 
and Ny_i C N°, we can choose try : Ny — > My any homeomorphism so that X = c~j_\. Properties (Iy), 
(Ily), (Illy) and (IVy) are straightforward, whereas (Vy) follows from Lemma 3.1-(v) and (Vy_x). 

• x( M j - M°_ x ) = -1. Consider a closed curve a E fti(My,Z) - ft x (My_i,Z) contained in M° and 
intersecting My — M°_ 1 in a Jordan arc a with endpoints in 3(My_i) and otherwise disjoint from My_i. 
As My is incompressible then H\ (My, Z) — Hi (My_i U a, Z) and A/" — (My_i U a) has no bounded com- 
ponents. Take a Jordan arc 7 C A" — Ny°_ 1 and an isotopic homeomorphism g : Ny_i U 7 — > My_i U a so 
that gIn^! — and 5(7) = a. Note that A" — (Ny_j U 7) has no bounded components as well, hence 
without loss of generality we can assume that S := Ny_j U 7 is admissible. 

Let My_j C M? be any compact region isotopic to My and containing My_i U a in its interior. Con- 
struct a generalized null curve Z : S — > C 3 with Z|n._ x = Xy_i and Z(7) C — (T>h 1 )- £j _ t (this 
is possible by (ILL_i)). Applying Lemma 2.8 to S, Z and any tubular neighborhood W of S, we get a 
compact region Ny_ x and a null curve Xy _ 1 E N(N / / _ 1 ) such that 

• S C (N ? _!)° and N/_ x is isotopic to W, 

• HX^-Xy.iH <ey/2onNy_i, 

. x;_ 1 (8(n;_ 1 )) c pm - (p Rj^ 

• Xj.^N^ - N^ 2 ) C P'" 1 - (W- 2 )-, ; _ 2 , and 

• dist (N , 1/X; i) (Qo,9(N;_ 1 )) >dist (Nl/Xl) (Q ,8(N 1 ))+Ei: 2 1 V / ?- 

Fix an isotopic homeomorphism a- _ a : Ny_j — > My_j with cr' _ 1 | s = g. To finish, notice that #(My — 
(M^A ) = 0, set (Ny, Xy) as the couple (M, F) arising from Lemma 3.1 for the data (V, r, M, F, F>, e, P ) = 
(2^ _1 , ey_i, N- 1 , Xy_ l7 ey/2, Qo), and take cry : Ny — > My any homeomorphic extension of £r?_ 1 . □ 

Label N = Uj^Nj and set cr : N — > A", cr| N . = cry. Since {My}y e N is an exhaustion of A" by incom- 
pressible compact regions and cry is an isotopic homeomorphism for all ;', then cr is an isotopic homeo- 
morphim as well and item (a) holds. 

By items (Ily), ;' E N, the sequence {Xy}y eN uniformly converges on compact subsets of N to a holo- 
morphic map Y : N — > C 3 such that -< dY,dY >-— and |Y — X|| < f onM, which corresponds to 
(b). Let us check that Y is an immersion. Indeed, note that the Weierstrass data of X„ converge to the 
ones of Y. By Hurwitz's Theorem, either <^.dY, dY^> never vanishes on N or dY = 0. However, the fact 
that ||Y — X|| < £ on M prevents Y(N) to be a point provided that £ is taken small enough from the 
beginning. 
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The completeness of Y follows from (V,), ;' e N, and the fact that the series E«>i y ^7 is divergent 
(recall that {Oy}y e]N is proper). Finally, let us check (d). Since (II fc ), fc >;, we get that ||Y — Xy|| < £/2^on 
N jr and from (Illy) that Y(dNj) C (2?0 2 -;f " (^)- e - 2 -^- Thus n p( Y ( 3N ;)) C (n ; -) 2 -; f - (Oy)_ e ._ 2 -, ? , 
and so by the maximum principle rip(Y(Ny)) C (ny) 2 -yg for all j. Therefore, TLp(Y(N)) C O, hence 
YLp(Y(N)) C O again by the maximum principle. From (IVy) we deduce that YL p (Y(Nj — C 
Q — (Qy_i)_ e . -2-i? f° r a ll 7 — 1' proving that Ftp o Y : N — > fl is proper. Since A C Oy and 
€j - I-!" 1 ?; < r then A_ r C (n ; -) e ._ 2 -y-i ?/ and so n p (Y(Ny - N?^)) C fi — A - 7 for all ; > 1, which 
proves (d) and the theorem. □ 

Remark 3.4. The hypothesis that p is wide and Proposition 2.15 allow us to use Lemma 3.1 during the proof of 
Theorem 3.2 (see Remark 2.16). Hence, they play a crucial role in this setting. 

Moreover, recall that J\f is hyperbolic, then so is N. 

Complete null curves in C 3 project on complete holomorphic immersions in C 2 and complete mini- 
mal immersions in R 3 . From Theorem 3.2 we infer that: 

Corollary 3.5. The following assertions hold: 

(a) For any convex domain Cl in C 3 there exist a domain N C N homeomorphic to J\f and a complete proper null 
curve F : N — > Cl. 

(b) For any convex domain Cl in R 3 there exist a domain N C N homeomorphic to N and a complete proper 
minimal immersion X : N — > Cl with vanishing flux. 

(c) For any convex domain Cl in C 2 there exist a domain N C N homeomorphic to J\f and a complete proper 
holomorphic immersion F : N — > Cl. 

(d) For any convex domain Cl in R 2 there exist a domain N C JV homeomorphic to JV and a complete holomor- 
phic immersion F : N — > C 2 such that Re(F) (JV) C O and Re(F) : N — > Q is proper. 

(e) For any convex domain Cl in R 2 there exist a domain N C JV homeomorphic to J\f and a conformal com- 
plete minimal immersion X = (Xy)y =1/2/ 3 : N — > R 3 with vanishing flux such that (X 1 ,X 2 )(N) C Cl and 
(Xj, X 2 ) : N — > n is proper. 

Proof. Consider a bounded regular strictly convex domain A with A C Cl, and fix r 6 (0, 1/k(A)) 
and I > 0. Setp = {1,2,3,4,5,6}, {1,3,5} {1, 2,3,4} , {1,3} and {1,3} in item (a), (b), (c), (d) and (e), 
respectively. In each case ficK p and we label V = C p (A). 

Let H : C —> C 3 be the properly embedded null curve given by H(z) = (iz,z, \f2z) 1 ' , and note that 
M :— H- 1 (D_ r / 2 ) is a a closed disc with H(3(M)) C V — (T>)- r . Without loss of generality we can 
assume that M C J\f. 

Let Y : N — > C 3 be the null curve arising from Theorem 3.2 for the data p, Cl, A, r, M, X = H\m and £. 
The immersion F = Tl p o Y solves items (a), (b) and (c). For items (d) and (e) choose F = FIp o Y, where 
p = {1,2,3,4} and p = {1,3,5}, respectively. □ 

A null curve Z : M — > SL(2, C) is bounded and complete if an only if so is its Bryant's projection 
B(Z) = Z ■ 7J . Furthermore, if F : M — > C 3 is a complete bounded null curve such that F(M) n {Z3 = 
0} = 0, then T o F : M -> SL(2, C) is a complete bounded null curve as well (see (1.1) and [MUY1]). 

Corollary 3.6. The following assertions hold: 

• There exist a domain N C M homeomorphic to M and a complete bounded null curve Z : N — > SL(2, C). 

• There exist a domain NcJV homeomorphic to J\f and a conformal complete bounded CMC-1 immersion 
X:N^H 3 . 



Proof. Use Corollary 3.5-(a) for an Euclidean ball Cl in C 3 whose closure is disjoint from {Z3 — 0}, and 
take into account the transformations B and T. □ 
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4. Proof of Lemma 3.1 



Recall that Remark 2.9 gives that dist(p,82? n (p + (i / o(p)) X )) > Jd 2 +2^r for all p 6 2? - 2?_ r , 



where d = dist(3X>, 2?). Take e\ G (0, e) small enough so that dist(p, 82? n (p + (vd(p))~ 



> 



K(V) 



+ e x . 



Then, by a continuity argument and equation (2.1), there exists an open neighborhood Vp of p in 



V - V- r such that 



(4.1) 



Vp n 2?_ r = and dist(q, 82) n V p ) > 



K(V) 



+ 6j for all ^ 6 Vp, 



where Vp = U^^v^^i + (v v {q 2 )} ± )- 

Label 0* = n S 5 , and consider the continuous function / : S 5 x 0* -> [-1,1], /(f,0) = (M)- 
Remark 2.3 implies that p„ := max{/((T, 6) | G 0* } > for all <r G S 5 . Label ^ = minj/^ | (7 G S 5 } > 0, 
and for each p G T> — T)- r choose 9p G 0* and an open neighborhood Up of p in 2) — T>- r so that 

(4.2) f{v v {q),B p ) > p/2 for all ^ G lip. 



Set W p = V p n LJ p C 2? - 2>_ r for all p G V - 2>_ r and call W = { W p | p G 2> - 2?_ r }. Write « a , . . . , oc k 
as the connected components of 9(M). For each m 6 N let Z m = {0, 1, — 1} denote the additive 
cyclic group of integers modulus m. From (3.1), W is an open covering of F(8(M)), and so there exist 
m G N, m > 3, and a collection {a,-; | G {1, . . .,k} x Z m } such that for any i G {1, . . . ,fc} : 



U /=l a !,/ 



• a j ; and have a common endpoint Q,- and are otherwise disjoint for all j G Z m , 

• F(«g U Oj} +1 ) C Wg G W for all; G Z m . 

As 2? is -< , ^-regular, then we can find pu G Wj ;_i n such that (eu)- 1 is not -< , >-- degenerate, 
where = v v (p i/ j), j G Z m (see Figure 1). 




F(a t ) c F(cW) 



Figure 1. The sets Wy. 



Label Wij = e^j/ ~<e^j,ej^y, for all i, j and notice that <Sey3> ± = -<ri'y . Since iPy is not null, we 
can take Uu, Vu ^-KiVj^y 1 - such that {«; ,} is -< , >-- conjugate in C 3 . Denote Au as the complex 
orthogonal matrix {uu, Vu, Wy) -1 , for all i G {l,...,k} and; G Z m . 

Since G W, (4.2) yields By G 0* so that f(v v (q), 9 it j) > pi 2 for all q G Wy. In particular, 

(4.3) (ey, 0y ) and (e^y+x, 0;,/) are both positive, z = 1, . . . , k, j G Z m . 

Let W be a tubular neighborhood of M. and let C\, . . . , Q- denote the finite collection of open annuli 
in W — M, where up to relabeling Oij C 8Q, i — 1, . . . , k. 
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Let {r, [j C W \ i — 1, . . . , k, j G Z m } be a collection of pairwise disjoint analytical Jordan arcs in W 
such that ry has initial point Qy and ry — {Qy} C Q for all z and /'. Label Ty as the final point of ry, 
and split ry into two subarcs sy and fy, where Qy G sy and Ty G fy. In addition, choose these arcs so 
that S = M U (Uy-ry) is admissible. 

Claim 4.1. There exists H G N(W) such that for any G {l,...,/c} x Z m : 

(al) H(sy_i U ay U sy U «y +1 U sy +1 ) C Wy, 
(a2) if / C s,-j is a Borel measurable subset, then 

min{L((Ay ' H| 7 ) 3 ),L((Ay +1 ■ H|,) 3 )}+ 

min{L((Ay ■ H| s . r/ ) 3 ),L((Ay +1 • H| s .._ 7 ) 3 )} > max{||Ay||, ||Ay +1 ||} (J ^pj + > 

where ( • ) 3 means fm'rd (complex) coordinate and L Euclidean length in C. 
(a3) (H(P) - H(QyUy), (H(P) - H(Qy),e y+1 > > 0/oraHP G fy,zmd ((H(Ty) + <ey) x ) U (H(Ty) + 

(e, v+1 ) ± ))nl? 1/ei = 0,zznd 
(a4) ||H-F|| <ei/(l + km)onM. 

Proof. Letry(w),u G [0, 1], be a smooth parameterization of ry so that ry( [0,1/2]) = sy andry([l/2, 1]) ; 
fy. Let Ay G be a null vector so that (Ay(Ay)) 3 , (Ay + i(Ay)) 3 7^ (see Remark 2.3) and the 
segment {Ay(s) := F(Qy) + sAy |s G [0,1]} lies in the interior of Wy_j n Wy n Wy+i, and set 
A* ; .(s) = Ay'(l - s), s G [0, 1]. Take N G N large enough so that 



(4.4) 2Nrrdn{|(A l - / (Ay)) 3 |,|(A l - y+1 (A l -y)) 3 |} > max{||Ay||, ||Ay +1 ||} I J ^ + e i 



and 



(4.5) ((F(Qy) + Nfly + (eyH U (F(Qy) + N8 hj + (ey+xH) n P 1M = 0. 

For (4.5) take into account (4.3). Set dy : [0, 1] -> C 3 , 

• dy(w) = Ay(8Nw - b + 1) if u G ^] and b G {1, . . . ,2N} is odd, 

• dy(w) = A? .(8Nh - 6 + 1) if u G [y-, £j] and b G {1, . . . ,2N} is even, 

• dy(w) = F(Qy) + £y(4u - l)0y if w G [1/4,1/2], where fy > is small enough so that 
dy ( [1 /4, 1 /2] ) C Wy^i n Wy n W,- and 

• dy(w) = F(Qy) + (fy + N(2zz - l))0y if « G [1/2, 1]. 

Notice that the curves dy are continuous, weakly differentiable and satisfy that -<d' i j(u),d' i j(u)>-— 0. 
Up to replacing H\ Ti . for dy for all z, /, items (al), (a2) and (a3) formally hold. To finish, approximate 
dy by a smooth curve Cy matching smoothly with F at Q; j, and so that the map H : S — > C 3 given by 
H|m = F, H|r !; (w) = Cy (") for all 1/ G [0, 1], z and ;, is a generalized null curve satisfying all the above 
items. Indeed, if cy is chosen close enough to dy, (al) is obvious, (a2) follows from (4.4), and (a3) is an 
elementary consequence of (4.5). The Claim follows by a direct application of Lemma 2.8 to S, H and 
W. ' □ 

Let M be a compact region such that S - (Uy{Ty}) C Mq C M C W, Uy{Ty} C 3M and 
Mo — M° consists of /c pairwise disjoint compact annuli Q, . . . , Q-, where Q C Q. Label fly as the 
closed disc in Mo — M° bounded by ay, ry_j, ry and a piece, named /3y of 3Q connecting T,-y_i and 

Consider compact neighborhoods (with the topology of a closed disc) ay, s, -j and fy in Mo — M° of 
ay, sy and fy, respectively, z = 1, . . . ,k, j G Z m , and satisfying the following properties (see Figure 2): 

(bl) iiy n (fy_ x U fy) = 0, fty fl (s~- fl U f ;> ) = 0, « ^ / - 1,/, (sy_ x U fy^) l~l (sy U Fy) = 0, 
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(b2) Ku := Clu — (s; ;_i U Uj-l U U U fy) is a compact disc and Ku D j8y is a Jordan arc disjoint 

from {Tij^Tij}, 
(b3) H(ffy_i U £y U Sy U U ff y+1 ) C Wy, 

(b4) if / C s,- 4 is an arc connecting dcu U ay+i and ?; ]\ = } n and J 2 — Jf] Of v+i, then 



L((Ay ■ H| 7l ) 3 ) + L(K;+i ■ H| /2 ) 3 ) > max{||Ay||, 



(b5) (H(P ) - HCQy-i)^,/) > VP e fy.!, (H(P) - H(Q hj ),e irj ) > VP e f, v , and (H(Q) + (eyJ-L) n 
= VQ e (fy_! u t itj ) n 9M . 

These choices are possible due to properties (al), (a2) and (a3) and a continuity argument. 




Q<J-2 



Figure 2. M 



Let j/ : {1, . . .,km} —> {l,...,k} x Z m be the bijection rj(n) = (E(^^) + l,n — 1), where E(-) means 
integer part. 

Claim 4.2. There exists a sequence Hq, H\, . . . , H^ m of null curves in N ( W) satisfying the following properties: 
(cl„) H„(s (/(/) _ {04) U fl^yj U s, /{/) U a^( ; -)+(o,i) u s ^(;)+(0,i)) c e f 1 ' ■ ■ 

(c2 M ) H n {{s v{f) _ m u a„ (y) u s v{j) ) n n^) c w n(/) + vy e {l,.. .,n}, n > 1, 

(c3„) h b ((s 7(; -)_ (0/1) u a„ (/) u n n, 7(/) ) c w n(/)/ vy e {n + 1,. ..,fcm}, 

(c4„) i// c s tj{j) is an arc connecting U & w (;)+(o,i) and t^y h=Jn Cl^ and / 2 = / H fi„(y) +(0/1 ), then 
L (( A l(j) ' H n\jth) + L (( A r,(j)+(0A) -Hn\hh) > max {\\A n(j) \\,\\A n Q) +i0>1) \\} (J^pj 

V; e {I,..., km}, 

(c5„) (h„(p) - H„(Q n(/) ),e n(/) ) > o vp e f v(/) n n n(/) , vy e {i fcm}, 

(c6„) (H„(P) - H w (Q^ (/) _ ( 0jl) ),e v a) ) > VP e ?,(/)_ (0/1 ) n C\ (/)/ V/ G {l,...,*m}, 

(c7„) (H„(Q) + (e ?0 - ) )- L )nP 1/ci =0VQ£ (? ?(/) U ? ?a) _ (0yl) ) n 8M n n ?Q> V; £ {!,..., km}, 

(c8„) H n (K )?(/) )nI' 1M =0,Vy e {l,...,n},n> l,«nd 

(c9„) ||H„-H B _i|| <e 1 /{km + \)onM^D^~ ) ,n > 1. 

Proof. Take H := H. Notice that (cl ), (c3 ), (c4 ), (c5 ), (c6 ) and (c7 ) follow from (b3), (b4) and (b5), 
whereas the remaining properties make no sense for n = 0. 

Reason by induction and assume we have constructed Ho, . . . , H„_j satisfying all the above proper- 
ties. Let us construct H n . 

Label G = A w(n) ■ H n _! e N(W) and write G = (Gi,G 2 , G 3 ) T . 
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Let 7 denote a Jordan arc in disjoint from (s^( n )_( 0/ i) U f^( n )-(o,l)) u (^tj(n) u ^(«))/ with initial 
point Tj 6 a iy(n) anc ^ fi na l point r 2 E dKq( n ) anc ^ otherwise disjoint from 3« )? („). Choose 7 so that dG3| 7 
never vanishes. Denote S n as the closure of (Mo — fi^n)) U 7 U K^(„), and without loss of generality 
assume that S„ is admissible. 

Recall that A v{n) E 0(3,C) implies that A v(n) (<e^ ( „ ) » ± ) =<i/ A( p ) (A^ ( „ ) (7Pp(p, 7(n) ))) » x , and 
from the definition of A^, ^^(Ce^^^ 1 ) = {(22,22,0) 6 C 3 | z\, 2 2 6 C}. Since A^ n ^(V~) is null 
strictly convex (see Claim 2.14) and A, (w) (X> 1/ei ) C ( A^P))^^!/^, there exists^ G ^ w (B)n6n 
^^(n)(^ e 7(n)^ ± ) such that 

(4.6) dist(G(ri)+£,A, (f0 (Pi^)) >diam(G( 7 U «,(„))), 

where diam(-) means Euclidean diameter in C 3 . 

Let j(u), u E [0,1], be a smooth parameterization of 7 with 7(0) = IV Label Tj = 7([0, 1//]) and 
consider the parameterization Ty(u) = y(u/j),u E [0, 1]. Write G 3j j(u) = G 3 {Xj{u)),u E [0,1], and notice 

that ^gi(O) = i^I 1 ^) for all ; £ N. 

Since is not null and A^ n ^ E 0(3,C), there is a null vector 6 A^^Ce^,,) »- L ) so that 
{£,£*} is a basis of A v(n) (<e^ (n) > ± ) and -<C,£V^ 0. 

Set = }) T e A 9 ( n) (<e,( B ) > x ), ;' G N, and observe that lim^^- = £ and -< 

= " ( (°) ) 2 for a11 Furthermore, by (4.6) we can also assume that dist(G(rj) +^j,A t] ^('D 1 / £l )) > 
diam(G(7U^ ( „))) for all; E N. 

Set hj : [0,1] -> C 3 , /t y ( M ) = G(r x ) + i ^y ^ + (0,0,G 3 , ; ( M ) - GaOTi)), and notice that 
-< h'j(u),h'j(u) y= and <C h'j(u),h'j(u) » never vanishes on [0,1], j E N. Up to choosing a suit- 
able branch of -< y 1/2 , the sequence {hj}j e ^j converges uniformly on [0,1] to ftco : [0,1] — > C 3 , 
^oo(w) = w£ + G(ri). As dist(/ioo(l), A J? („)(I> 1 / ei )) > diam( G (7 U K^^)) (see equation (4.6)), then 
there exists ;'o £ N such that 

(4.7) dist(ftfc(l),A, (B) (P^) > diam(G(7UK„ ( „))). 

Set/z : T jo -> C 3 ,h(P) = h jo (u(P)), where u(P) E [0,1] is the only value for which r jo (u(P)) = P. Let 
G = (Gi, G2, G3) : S„ — > C 3 denote the continuous map given by: 

^Mo-n^) = G lMo-n, (B) ' G k = 6 l(?-T J0 )uK, (n) = GltT-Ty^uK,,,,,, " g (t ; - (1)) + ^(t ;o (1) ). 

Notice that G3 = G3|s„. The equation -<dG, dGy = formally holds except at the points T\ and Ty (l) 
where smoothness could fail. Up to smooth approximation, G is a generalized null curve satisfying that 

G lM -n, (n) = G lM -n, /(l!) ' G 3 = G 3ls„, G{K v{n) ) n A, (w) (2? 1/Cl ) = 0. 

Take eo > to be specified later. Applying Lemma 2.8 to S n , W and G, we get a null curve Z — 
(Zi,Z 2 ,Z 3 ) T 6 N(W) such that 

(4.8) ||Z - A n{n) ■ H„_ x || < e on M - n, (n) , Z 3 = (A, (w) ■ H„_i) 3 , Z(jK, (b) ) n A, (n) (2?i/ Cl ) = 0. 
Define H„ := A"^ • Z G N(W). From (4.8), H„ trivially satisfies that: 

(dl) \\H„ - H n _x|| < eollA^H onM -fi, w , 

(d2) <H„ — H„_i,e w („)^>= (see the definition of A^p, and 

(d3) H„(jK, (B) )n(^)=0. 
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Let us check that H n fulfills properties (cl„) to (c9„) provided that eo is chosen small enough. Item 
(cl„_i) and (dl) imply (cl„) for small enough £q. Item (c2„) follows from (dl) and (c2 n _i) for j < n 
provided that e is small enough, and from (d2) and (c3„_i) for ;' — n. Item (c3„_i) and (dl) also give 
(c3„) for small enough e - Observe that (dl) shows that || A^y) ■ H n — A^y) ■ H n -\ \\ < eo\\A~^ \\ || A^y) || 

and ||A,y )+ ( ,i) ■ H„ - A n{j)+{0/1) ■ H B _ X || < eoH-A^H ||A J?( y )+(0/1) || on n,y) V; ^ n, whereas (d2) gives 
that (A^( M ) ■ H„) 3 = (A^(„) ■ H„_i)3 on Cl^^y Then, taking into account (c4 M _i) we get (c4„) provided 
that eo is small enough. 

To prove (c5„) (respectively, (c6 n ), (c7 n )) we distinguish cases. If; 7^ n, use (dl) and (c5„_i) (respec- 
tively, (c6„_i), (c7„_x)) for small enough e , whereas for j = n we use (d2) and (c5„_i) (respectively, 
(c6 n _i), (c7„_i)). Item (c8„) follows from (c8„_i), (dl) and (d3) for e small enough. Finally, (c9„) is an 
immediate consequence of (dl) for e < ^m+i 4-1 • 

II j/(n)H 

The proof of Claim 4.2 is done. □ 



Notice that H km (dM U (U™^-,)) c X>- X>_ r and H jfcm (aM U (U^K^y))) n X> 1/ei = 0. Indeed, use 
(clj-m) and that U^VV^y) C V — V- r for the first assertion, and (c7 km ) and (c8fc m ) for the second one. 
Call Mo as the connected component of H^J(D) containing M, and observe that 

(4.9) H km (dM ) C 3D, 

(4.10) M U (Ujf ^yj) C M ° C M C M ° - Ujf ^y), 

and by the convex hull property Mo — M° consists of pairwise disjoint closed annuli. 

Consider the null curve Fo : = ^fcml jft e N(Mo), and observe that Fo satisfies the following properties: 

(PI) ||F -F|| < e a on M. Use (a4) and (c9 n ), n = l,...,km. 

(P2) F (M - M°) C t> - Pi;. It suffices to check that F (M - M°) n VT r = <Z>. Let P £ M - M°. 
Taking into account (4.10), there are three possible locations for the point F : 

• F 6 s^(„) U a^(„) for some n £ {1, . . .,km}. Then, combining (c2fc m ) and (4.1), we get Fq(P) i 

• Pe ?,(„)nn, w for somen £ {I,..., km}. Use that fo(Q,(«)) 6 V^ (n) (see (cl fcm )), (Po(Q v ( n )) + 
(e, 7(n) ) ± ) n VT r = (see (4.1)) and (F (F) - jfb(Q,( M )),e,( B )> > (see (c5 km )), and recall that 
e^(„) is the outward pointing normal to 8F> at nv{.Vr\(n))- 

• F 6 ^(„)-(o,l) n ^(n)- Use that ^b(Qf?(«)-(o,l)) e w >7(n)/ and ar g u e as above but using (c6 km ) 
instead of (c5 km ). 

(P3) dist^ o p o j(Fo,3Mo) > dist( M F ) (Fo, 3M) + \J-^p^- Taking into account (PI), it suffices to prove 

that dist^ Q (dM, 3M ) > \J + e\ . Let F £ 9M and 7 C M - M° be a connected curve 
connecting dM and F. There are two possible locations for the point F : 

• If F 6 tt]{ n ) (see Figure 3) for some n £ {1, .. .,km}, then by (4.10) there exists a sub-arc 
7 C 7 C s^( n ) connecting a^^j U a^( n )+(o,i) and Thus, Remark 2.5 and (c4^ m ) give that 

+ ei < L(F ( 7 )) < L(fb( 7 )). 

• Suppose now that F £ Q^( M ) fl (s^(„)_(o,i) U U s^(„)) (see Figure 4) for some n £ {1, . . .,km}. 

By the preceding case, we can restrict ourselves to the case 7 n (Uy^f^y)) = 0. By (4.10) 
again, F g! s^(„)_( 0/ i) U a^(„) U s^( n j, and therefore there exists a sub-arc 7 C 7 contained in 
n ^(n) n (S,(„)_(o,i) U «,,(„) U s v(n) ) connecting a point Q £ s^ (n) _ (0/1) U U s^ (n) and F. Since 
(cite), F (Q) £ W n [n) , and ( c2 fcm ) and (4.9) give F (F) £ 3© n (W, (b) + <e v( „)» ± )- Therefore 
(4.1) implies that y/d/K(V)+e x < dist(F (P),F (Q)) < L(F ( 7 )). 



Define F := F |^ £ N(M), where M C M is close enough to M so that F(3M) C V - £>_ ei and F 
satisfies (PI), (P2) and (P3). The region M and the null curve F solves the Lemma. 
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Figure 3. P e i v r n y 




Figure 4. P e n (s,(„)-( ,i) u a, w u s, (n) ). 
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